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In this work we treat fMRI data analysis as a spatio-
temporal system identification problem and address
issues of model formulation, estimation, and model
comparison. We present a new model that includes a
physiologically based hemodynamic response and an
empirically derived low-frequency noise model. We in-
troduce an estimation method employing spatial reg-
ularization that improves the precision of spatially
varying noise estimates. We call the algorithm locally
regularized spatiotemporal (LRST) modeling. We de-
velop a new model selection criterion and compare
our model to the SPM-GLM method. Our findings sug-
gest that our method offers a better approach to iden-
tifying appropriate statistical models for fMRI studies.
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1. INTRODUCTION

The fMRI data analysis problem is a problem of
system identification. It involves the spatiotemporal
relationship between an input such as a sensory stim-
ulus or cognitive task and the cerebral response to that
task measured with fMRI. This problem of system
identification involves a number of essential steps: (1)
model formulation, (2) model fitting, (3) model compar-
ison, and (4) inference (Box et al., 1994). In the model
formulation step, a set of models is chosen or formu-
lated to represent possible alternative descriptions for
the relationship between the input and output. Once
the models have been formulated, model fitting meth-
ods are used to estimate parameters in the models. The
choice of a fitting method can depend largely upon the
details of the model as well as the nature of the data
being fitted. In the model comparison step, a “best”
model is chosen from among the fitted models based on
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estimates of the proximity between the models and the
“true” process generating the data. This model compar-
ison step considers not only the goodness-of-fit of the
model, but also the complexity of the model in relation
to the data, providing a mechanism to avoid over-fit-
ting. Only after the best model has been chosen can we
do inference—the model that best represents the un-
derlying process generating the data should be used to
answer questions about that process.

In this paper, we develop a unique approach to ad-
dressing the model formulation, model fitting, and
model comparison steps in the system identification
framework. In the fMRI literature, a number of differ-
ent models relating stimuli and response have been
developed and applied (e.g., Worsley and Friston, 1995;
Bullmore et al., 1996; Lange and Zeger, 1997; Locascio
et al., 1997; Friston et al., 1998). In this work, we
develop a parametric, physiologically inspired model
based on animal and simulation studies of the blood
oxygen level-dependent (BOLD) response (Mandeville
et al., 1996, 1998; Marota et al., 1996). This model
incorporates spatially-varying first-order autoregres-
sive noise (AR(1)) to account for low-frequency physio-
logical fluctuations and white noise to account for scan-
ner noise. Proper noise estimation is essential because
the accuracy of the confidence intervals used in the
inference stage depends upon how well the noise is
estimated (e.g., Purdon and Weisskoff, 1998). Because
fMRI time-series are short, on the order of 100 time
points, and because much of the noise power comes
from low-frequency physiological fluctuations (Weiss-
koff et al., 1993; Mitras and Pesaran, 1999), estimating
the noise on a pixel-wise basis can be difficult.

We introduce a novel model fitting method that uses
spatial regularization on the model parameters. For
model comparison, we develop a novel method based on
nearly unbiased risk estimation (NURE; Linhart and
Zucchini, 1986; Solo, 1998a) that overcomes many of
the problems associated with hypothesis testing meth-
ods, and that allows for comparison between models
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with different structures and fitting methods. We then
use this method to compare the results of our model
and fitting method to the widely-used Generalized Lin-
ear model-Statistical Parametric Map (GLM-SPM)
method (Friston, 1997).

2. STATISTICAL MODEL

2.1. Model Formulation

We use the known properties of the physiological
changes underlying the fMRI hemodynamic response
along with the observed structure in fMRI signals and
noise to develop our statistical model of the fMRI sig-
nal. Our model of the fMRI signal consists of three
parts: the hemodynamic response signal, a colored
noise, and a drift term.

2.1.1. fMRI BOLD signal. The physiological stud-
ies on which we base our model come from using both
animal models and Monte Carlo simulations of BOLD,
susceptibility-based contrast (Mandeville et al., 1996,
1998; Marota et al., 1996). We assume that the changes
in the T2*-based fMRI signal are primarily due to the
net average deoxyhemoglobin in the voxel, which is the
product of the blood volume and the blood oxygenation.
That is, we assume blood has an average deoxygen-
ation level, and that the BOLD signal will behave like
the product

V~t! 3 Hb~t! 5 ~V0 1 DV~t!! 3 ~Hb0 1 DHb~t!!, (2.1)

where V0 is the initial blood volume, DV(t) is the
change in blood volume, Hb0 is the baseline deoxyhe-

oglobin level, and DHb(t) is the change in deoxygen-
ated hemoglobin in a time interval Dt due to underly-
ing neuronal activation. We also assume that local
blood flow changes and local tissue oxygen consump-
tion changes are tightly coupled in time, though not
necessarily proportionally coupled.1 The deoxygen-
ation term is dictated in terms of oxygen consumption
and blood flow by Fick’s principle (conservation of ox-
ygen). The time-course of the deoxygenation and blood
volume changes are difficult to separate in studies of
normal human volunteers. In animal studies using
intravascular contrast agents (Mandeville et al., 1996,
1998; Marota et al., 1996), it has been shown that the
blood volume changes are slower than the changes in
deoxygenation. The form of our model is also guided by
the empirical observation that the hemodynamic com-
ponent of the fMRI response for block stimuli has four

1 These assumptions, are consistent with accepted properties of
both PET and MRI data, yet ignore small, transient (!2 s) changes
in blood O2 that have been detected in optical recordings and the
dip” reported in high-field fMRI data. While interesting and scien-
ifically important, this transient dip is small enough that it may be
eglected in the current formulation of the model.
characteristics: (a) delay, (b) peak response, (c) droop,
and (d) poststimulus undershoot.

By combining the basic properties of the BOLD sig-
nal change with these empirical observations, we can
create a model of fMRI signal change in response to a
stimulus input. In a given pixel, we make the assump-
tion that the blood hemoglobin changes are driven by
the stimulus through a linear coupling (Boynton et al.,
1996), approximating the deoxyhemoglobin term as

Hb~t! 5 k1 1 k2~ga*c!
(2.2)

ga~t! 5 ~1 2 e 21/da! 2~t 1 1!e 2t/da,

where k1 and k2 are constants, c(t) is the stimulus, ga(t)
is a hemodynamic impulse response, chosen to be a
discrete gamma function with exponential time
constant da 5 1.5 s, and * denotes convolution
[ga*c 5 ¥0

` ga(u)c(t 2 u)]. The hemodynamic impulse
response ga(t) satisfies a normalization ¥0

` ga(t) 5 1 to
avoid scaling problems and its maximum occurs at t 5
da 2 1. The response for the blood volume is

V~t! 5 k3 1 k4 gb*c
(2.3)

gb~t! 5 ~1 2 e 21/db!e 2t/db,

where c(t) is the stimulus, and k4 gb*c reflects the blood
volume response to this stimulus, and gb(t) is an expo-
nential impulse response with time constant db 5 12 s.
Several authors have suggested the convolution model
used here (Boynton et al., 1996; Cohen, 1997). In the
block design experiment we analyze, the stimulus is
not sufficiently rich in excitation energy to estimate too
many parameters. For this reason, values have been
set for the da, db time constants, based on empirical
observations. Both responses can be shifted by a time
delay, D, constrained to be positive, to represent a
causal system. Combining these elements, we have a
pixel by pixel model for the BOLD signal which after
multiplying Eq. 2.2 by Eq. 2.3 and collecting constants
is equal to a baseline m plus three response terms

st 5 fa~ga*c!t2D 1 fb~gb*c!t2D

1 fc~ga*c!t2D~gb*c!t2D

(2.4)

here fa, fb, and fc are amplitudes that parameterize
the activation. From a physiological point of view, the
fa term corresponds to the flow response, the fb term
corresponds to the volume response, and fc term repre-
ents their interaction. Figure 1 illustrates the relative
ontribution of these terms in generating a synthetic
lock-paradigm response time-course.
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2.1.2. fMRI noise model. The noise in fMRI data
an be thought to come from two sources: (1) The back-
round noise of the scanner and (2) physiological noise
rom low-frequency hemodynamic fluctuations (Weiss-
off et al., 1993; Mitra and Pesaran, 1999). We model
he scanner noise as a white noise and the low-fre-
uency physiological noise as a first-order autoregres-
ion (AR(1)), leading to the model:

vt 5 wt 1 ht, (2.5)
wt 5 rwt21 1 et,

where vt is the noise, h t is a zero-mean white
aussian noise with variance sh

2 used to represent
he scanner noise, wt is the AR(1) noise with corre-

lation coefficient r, and e t is a zero-mean white
Gaussian noise of variance se

2. This model can be
thought of equivalently as a first-order autoregres-
sive moving average model (ARMA(1,1); Box et al.,
1994).

2.1.3. Drift terms. To complete the model, we in-
clude a term to allow for slow drifts in the static mag-
netic field and residual motion not accounted for by
prior motion-correction. Although we represent this
drift with a linear term, it can be easily generalized to
more complicated representations (Genovese, 1999).
Adding on an additional term m to account for the
mean signal, we then have

drift 5 m 1 bt. (2.6)

FIG. 1. Illustration of BOLD signal model for block-paradigm s
terms combine to form an overall signal.
2.1.4. Complete model. Combining the BOLD sig-
al, noise, and drift components, we have the overall
MRI signal

fMRI signal 5 drift 1 hemodynamic response

1 noise (2.7)

xt, p 5 ~mp 1 bpt! 1 st, p 1 vt, p,

where t 5 1 . . . N represents time and p 5 1 . . . P
represents the pixel.

2.2. Model Fitting

We introduce here a fitting procedure employing
spatial regularization that is able to make use of
local spatial continuity in the model parameters to
improve estimation efficiency. The parameters to be
estimated at each pixel are the signal parameters
b 5 (m, b, f a, f b, f c, D) and the noise parameters a 5
se

2, sh
2, r), which we collect into one parameter vector

u 5 (b, a). To estimate the parameters we maximize a
local, spatially weighted Gaussian log-likelihood. The
local spatial weighting is a regularization procedure
that captures spatial continuity. Let up 5 (bp, ap) be the
parameters at pixel p. The overall fitting criterion J(u)
is pixel-wise separable,

J~u! 5 J~u1 . . . uP! 5 O
p

Jp~up!, (2.8)

and the criterion at pixel p is a spatially locally
weighted log-likelihood given by

ulus. The contribution of flow ( fa), volume ( fb), and interaction ( fc)
tim
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Jp~up! 5 O
q

K p2q
h Lq~up!, (2.9)

here Lq(up) is the Gaussian log-likelihood based only
on the time series at pixel q, Kq

h (see the Appendix) is a
positive spatial weighting function or kernel that sums
to unity, h is a tuning parameter that controls the

eighborhood size on which Kq
h is concentrated, and q is

the spatial summation variable.
We implement this procedure with a cyclic descent

algorithm that iterates between estimating signal pa-
rameters and noise parameters. This allows the noise
and signal parameter subsets to be regularized sepa-
rately. Here, we focus on regularizing the AR(1) noise
parameters only, exploiting local spatial continuity to
improve their estimation, while allowing the signal
parameters to remain at the native spatial resolution
of the imaging experiment. In general, the cyclic de-
scent algorithm can be partitioned arbitrarily, allowing
different parameter subsets to be regularized with dif-
ferent degrees of spatial smoothing. Within the cyclic
descent algorithm, the signal parameters are esti-
mated using weighted least-squares and the noise pa-
rameters are estimated using an Expectation–Maximi-
zation algorithm. Further details are given in Solo et
al. (1997) and Solo et al. (2001). To reduce computa-
ional cost, we estimated the white noise variance sh

2

from background pixels outside the brain, with a scal-
ing factor to account for the fact that the background
pixels are Rayleigh distributed, becoming approxi-
mately Gaussian distributed in regions with nonzero
image intensity (Papoulis, 1991). We call our overall
method locally regularized spatiotemporal modeling
(LRST).

2.3. Model Comparison

We have developed a particular model based on
physiological and empirical observations, but there are
a variety of other models that have been proposed for
fMRI data analysis. Most new models arise from ad-
vances in BOLD physiology and changes in experimen-
tal design. With the numerous model choices available,
each of which represents an approximation to the true
underlying process being observed, we must choose the
model that best approximates the underlying process
before we can make reliable inferences about the ex-
periment. This notion of how well the model approxi-
mates the behavior of the underlying process is differ-
ent from the notion of how well the model fits the data.
For instance, arbitrarily increasing the number of pa-
rameters in a model will necessarily improve the fit,
but for a fixed amount of data, the accuracy of the
parameter estimates will decrease as the number of
parameters increases. Somehow, a balance must be
struck between model complexity and goodness of fit.
Furthermore, the measure of how well a model approx-
imates the underlying process should allow for compar-
ison between models that are formulated or fitted dif-
ferently.

In this section we present a new model comparison
technique based on a nearly unbiased risk estimator
(NURE) and use it to compare our method with the
GLM technique (Friston, 1997). The approach we take
is an extension of the work of Linhart and Zucchini
(1986) and Solo (1998a) and has connections to the
Akaike information criterion (AIC). But unlike AIC,
NURE is not restricted to cases where model complex-
ity is measured by model dimension. In our case model
complexity is measured by a neighborhood size. Details
of the derivation are given in Solo (1998a) and Solo
et al. (2001). A very readable introduction to this meth-
odology, focused on the related AIC technique, is con-
tained in (Linhart and Zucchini, 1986; Burnham and
Anderson, 1998).

The basic problem is one of estimating how “close” a
set of models is to a true but unknown process, based
on the observed data. Proximity is measured by the
Kullback–Leibler (KL) distance between the true prob-
ability density of the data, p(x), and the probability
density given by the model, pu(x):

R~u! 5 E p~x!lnS p~x!

pu~x!
Ddx. (2.10)

Because we do not know the true probability density,
we cannot directly compute the KL distance. Further-
more, we have only an estimate of u, û, rather than the
“true” value u0 that provides the best representation
for the given model structure. Consequently, we com-
pare models based on an estimate of the expected KL
distance, E[R(û)], which we compute using a Taylor
series expansion (Solo, 1998; Solo et al., 2001). This
Taylor series expansion produces a model complexity
term that corrects for the bias introduced by using û in
place of u0 and quantifies the trade-off between model
complexity and goodness of fit. Model selection criteria
such as AIC are special cases of this NURE approach.
The estimate can be computed without having to know
the “true” probability density by using the data as a
surrogate for the true density. In many cases, includ-
ing fMRI data analysis, the set of competing candidate
models can have very different structures and may be
estimated with different fitting procedures, yielding
different NURE formulas for each model or method. As
long as the same discrepancy measure is used to derive
these NURE formulas, they can be used to compare
different models.

To illustrate how we apply the NURE technique,
consider the situation depicted in Fig. 2, where there
are two classes of models, A and B, with different
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model structures parameterized respectively by uA and
uB. For each model class A and B, we derive a NURE
formula based on the KL distance (2.10). Since the
model structures for A and B are different, the func-
tional form for each NURE should be different as well.
We then estimate the best-fitting models for each class,
giving estimated parameters ûA and ûB, and then use
those estimated parameters to compute a NURE for
each model. In this example, since NUREA(ûA) ,
NUREB(ûB), we choose the model corresponding to ûA

and base our inferences upon that model.
In the fMRI models we consider, the data fit-

ting criterion are pixel-wise separable so that
J(u ) 5 ¥PJP(uP). Again using a Taylor series argu-
ment, it can then be shown (Solo et al., 2001) that the
NURE is given by an expression of the form

NURE 5 data-model discrepancy 1 model complexity.

(2.11)

The intuition behind this form, analogous to the AIC
case, is that there is a trade-off between how well the
model fits the data and the model complexity. As the
model complexity increases, the data-model discrep-
ancy decreases since more parameters can be fit to the
data. However, if the model is “too complicated” (over-
fitted), representing the possibility that inferences
could be widely different if the experiment were re-
peated, the overall NURE will be larger than for a
simpler model.

FIG. 2. Illustration of model comparison using NURE. Models
re compared based on the “information distance” between the mod-
ls (with probability density functions p ûA(x) and p ûB(x)) and the true
ut unknown process (with probability density function p(x)). The

NURE provides an estimate of this distance. In this case, since
NUREA(ûA) , NUREB(ûB), we choose the model represented by ûA

and use that model for inferences.
For the LRST model, using the frequency-domain
form of the Gaussian log likelihood function (described
in the Appendix), we have:

NURELRST 5 O
p

R̂LRST, p~ûp! 1 P
dim b

h
1 2P

dim a

h

R̂LRST, p~ûp! 5
1

2 O
k

ux̃k, p 2 m̃k, p~bp!u 2

N 2Fk~ap!
(2.12)

1
1

2 O
k

ln Fk~ap!,

mt, p 5 m 1 bt 1 st, p

where R̂LRST, p(ûp) is the data-model discrepancy at pixel
p, bp, and ap are the signal and noise parameters,
respectively, as defined in section 2.2, x̃k,p (m̃k,p(bp)) is
he discrete Fourier transform of the data (signal and
rift terms) at temporal frequencies wk 5 2pk/N and
ixel P, Fk(ap) is the spectrum according to the model,

dim b is the number of parameters in b, P is the
umber of pixels, and h is the regularization neighbor-
ood parameter (described further in the Appendix).
For the GLM (Worsley and Friston, 1995), the signal
odel is

x t, p
GLM 5 m t, p

GLM~b p
GLM! 1 e t, p

GLM, (2.13)

where et, p
GLM is a white noise and mt, p

GLM(bp
GLM) is a linear

combination of covariates with coefficients given by
bp

GLM. In the GLM method the data is smoothed and
bp

GLM is estimated from the smoothed data by ordinary
least squares. If we denote their smoothing filter by ft

and its DFT by f̃k then uf̃ku2 is essentially a whitening
filter and takes the place of 1/Fk(ap) in the expression
for the data-model complexity for the LRST model. The
NURE for the GLM model is then

NUREGLM 5 O
p

R̂GLM, p~ûp! 1 P dim bp
GLM

R̂GLM, p~ûp! 5
1

2 O
k

ux̃k, p 2 m̃ k, p
GLM~b̂ p

GLM!u 2uf̂ku 2 (2.14)

1
1

2 O
k

ln
1

uf̃ku 2
.

Further details for the derivation of these expressions
are given in Solo et al. (2001).

3. RESULTS

.1. Simulated Data

We constructed a simulated data set to investigate
he performance of the regularization and cyclic de-



f

s
r
s
w
n
s
e
t

917COMPARISON FOR FUNCTIONAL MRI
scent procedures. This simulation set consisted of a 28
by 28 pixel image of 256-length time-series with spatial
variations in both simulated BOLD signal and noise.
The main reason for employing the regularization tech-
nique is to take advantage of local spatial smoothness
in order to estimate more precisely the low-frequency
physiological fMRI noise. However, it is also important
that the method preserve spatial variations in this
low-frequency noise without over-smoothing transi-
tions from regions of high physiological noise power to
regions with lower physiological noise power. To inves-
tigate this, we simulated spatial variations in AR(1)
noise, with alternating stripes of high and low AR noise
power, as illustrated in Fig. 3. The AR noise power
is the integral of the power spectrum of the AR
portion of the noise model (AR noise power 5
se

2/(1 2 r2)). The noise varies abruptly across space
rom regions of high AR noise power (AR noise power 5

4) to regions of lower AR noise power (AR noise
power 5 1) with increasing spatial frequency as one
proceeds from the top of the image to the bottom of the
image. The AR correlation parameter r and white noise
variance sh

2 are constant across the image (r 5 0.75; sh
2

5 1) and the noise time-series are pixel-wise indepen-
dent.

On top of the spatially varying noise, we superim-
posed a spatially varying simulated activation signal
consisting of stripes of “active” and “inactive” regions,
as illustrated in Fig. 3. In active regions, the time
series contain a synthesized BOLD signal with fa 5 2,
fb 5 fc 5 0, produced from a square-wave stimulus with
eight OFF–ON periods. In inactive regions, there is
only noise. To test the efficacy of the spatial regular-

FIG. 3. Spatial distribution of activation signal and noise for
imulated data set. In order to test the efficacy of the cyclic descent
egularization algorithm, spatially varying activation signals were
uperimposed over spatially varying noise. The activation signals
ere aligned spatially over regions of transition from high to low AR
oise power. Ideally, the regularization algorithm should be able to
eparate the spatial patterns, making use of spatial continuity to
stimate the noise parameters without blurring the activation pat-
ern.
ization and cyclic-descent fitting methods in separating
the signal from the noise, we placed the active regions
of the noise over the transitions from high to low AR(1)
noise.

To compare the regularization technique to other
techniques, this data set was analyzed in three differ-
ent ways: (1) With no regularization, (2) With spatial
smoothing prior to analysis, but with no regulariza-
tion, and (3) With regularization on the AR parame-
ters. The spatial presmoothing was accomplished by
spatially filtering the data set with a 3-by-3 separable
Hanning kernel with relative weights given by
[1 2 1] [1 2 1]T. A comparably smooth kernel was used
for regularization. We gauge the performance of each
method by examining: (1) the smoothness of the esti-
mates in the regions where the activation or noise are
constant across space; and (2) the sharpness of the
transition between “active” and “inactive” regions or
“high” and “low” noise.

Figure 4 shows the results of the data analysis from
the simulated data set. The data processed with regu-
larization showed a smoother estimate of the noise in
regions of constant noise power (as seen through a map
of the AR power) than either of the other two methods.
The contrast is particularly clear in the “high-noise”
regions. The sharpness of transition in the AR noise
power under regularization was comparable to that
under spatial prefiltering. The activation map shows
substantial blurring for the spatially prefiltered case,
particularly at the lower portion of the image where
the activation varies rapidly across space, whereas the
regularized data show identical spatial resolution to
the untreated case. These data demonstrate that the
regularization scheme is effective in improving the
noise estimates while retaining the native spatial res-
olution of the activation map.

3.2. Human Data

Visual stimulus data from a previous study were
analyzed to assess the performance of the LRST
method on real data. These data were collected using
an EPI at 1.5T (GE Signa scanner modified by Ad-
vanced NMR Systems). A subject was presented with a
visual stimulus consisting of a full-field flickering
checkerboard, presented in a 12.8 s OFF, 12.8 s ON
pattern. The experiment included eight such periods,
imaged at a TR of 800 ms, with a single slice chosen to
transect the primary visual cortex. These data were
analyzed in a manner identical to the simulated data
set described above: (1) no regularization, (2) spatial
smoothing prior to analysis, but no regularization, and
(3) regularization on the AR parameters.

The results of this analysis are shown in Fig. 5 in
terms of an activation map and noise map. The activa-
tion maps are quantified in terms of the square root of
the weighted 2-norm of the estimated activation signal,
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where the weighting is given by the local noise power.
Therefore, at pixel p, we have

~Activation!p 5 ÎO
k

us̃k, pu 2

Fk, p
,

where ; denotes a discrete Fourier transform, s is the
estimated BOLD signal defined in Eq. 2.4, F is the
modeled noise spectrum, and the summation is over all
the Fourier frequencies. An activation metric of this
kind ensures that truly “active” regions of the brain

FIG. 4. Activation and noise plots for simulated data. Activation
s the power in the AR portion of the noise spectrum. Pre-filtering bl
o produce smooth estimates of the noise without blurring the activ

FIG. 5. Activation and noise plots for visual stimulus data. Act
estimated activation signal, while the noise is displayed as the squa
blurs both the activation and noise estimates, while regularization
activation estimates.
can be distinguished from regions that simply have
large values of fa, fb, and fc due to a preponderance of
noise. The noise images given here are displayed as the
square root of the power in the AR portion of the noise
model.

In all cases, the visual cortex was found to be active,
in agreement with the experimental paradigm. Be-
cause we are only regularizing over the AR parame-
ters, the activation maps under regularization have
the same high spatial resolution as the unregularized
map, whereas the spatially prefiltered map shows sub-
stantial blurring of the activation signal. We see that

ts show the value for the parameter fa, while the noise is displayed
both the activation and noise estimates, while regularization is able
n estimates.

tion is represented in terms of the square root of the power in the
oot of the AR noise power. As with the simulated data, prefiltering
ble to produce smooth estimates of the noise without blurring the
plo
urs
atio
iva
re r
is a
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the noise estimates for the regularized case are
smoother than the unregularized estimates and com-
parably smooth to the prefiltered estimates. The noise
for the regularized and prefiltered estimates show
some degree of contrast between cortical gray matter
regions and white matter, coinciding with the notion
that the noise stems from hemodynamic fluctuations.
In the unregularized map, this contrast is less clear.

3.3. Model Comparison

To provide a comparison with existing analysis
methods, the visual stimulus data were also analyzed
with the GLM method (Worsley and Friston, 1995).
This method was implemented using a second-order
Volterra basis set as described in Friston et al. (1998)
and seven low-frequency cosinusoids to act as the
“high-pass filter,” accounting for slow drifts in the data
(Friston, 1997). In order to explore on an intuitive level
how well each model represents the dynamical features
of the data, time-series of the model fits for the LRST
and GLM were plotted and compared over several re-
gions, as shown in Figs. 6 and 7. The time-series of the
model fit were drawn from ROIs over the primary
visual cortex (Fig. 6), superior sagittal sinus, white
matter from the parietal region, and gray matter from
the frontal region (Fig. 7). The pixel-wise NURE for
each analysis method was then plotted and compared
for an oblique axial slice superior to the ACPC line
(Fig. 8).

The basic dynamical features of the BOLD signal—
the delay, undershoot, and drift—are well accounted
for by both the LRST and GLM methods, as seen in Fig.
6. In areas that should not be active under this para-
digm, the estimated signal for both the LRST and GLM
methods are very small (Fig. 7). Figures 8A and 8B
show plots of the pixel-wise NURE for the LRST and
the GLM. Uniformly across the image, the NURE for
the LRST is nearly three times smaller than that for
the GLM, suggesting that the LRST is closer to the
true model, despite the similarity in time-series fit.
Given the similarity in the fit, and since the model
complexity terms are small compared to the overall
NURE value for both models, the difference in the
computed NURE values is due largely to the different
noise specifications in the two models. To illustrate
this, the autocovariance functions of the residuals from
the visual cortex were computed after whitening the
residuals with a whitening filter based on the noise
model for both the LRST and GLM methods (Fig. 9). In
the LRST case, this corresponds to the whitening filter
implied by the AR(1) 1 white noise model (Purdon and
Weisskoff, 1998), while in the GLM case this corre-
sponds to the smoothing kernel used prior to fitting
with ordinary least-squares. The autocovariance func-
tion from the LRST method shows little correlation at
nonzero lags, suggesting that the noise model provides
an adequate representation of the temporal correla-
tions in the time series. The autocovariance function
from the GLM method shows correlation over several
nonzero lags, suggesting that the noise model implied
by the smoothing kernel improperly represents the
temporal correlation structure.

3.4. Discussion

3.4.1. Related work. Friston and colleagues (Fris-
ton et al., 1994, 1995; Worsley and Friston, 1995) have
aid out a framework in their general linear model-
tatistical parametric map (GLM-SPM) that encom-
asses most correlation-type (e.g., Bandittini et al.,
992) and t- and F-test strategies. They have used a

spatially invariant hemodynamic response function
both to smooth the time data and to make an approx-
imate correction for the number of degrees of freedom
in inferences based on the fMRI time series. Because
this hemodynamic function goes to zero at high (0.5 Hz)
frequencies, it is unstable under a weighted least

FIG. 6. Time-series and model fits for LRST and GLM from the
visual cortex. The displayed plots are for time series and model
fits averaged over an ROI in the visual cortex. The top panel shows
the average time series data over the ROI, while the lower two
panels show the model fits (solid line) superimposed over the data
(dashed line) for the LRST and GLM models. Both the LRST
and GLM methods provide a good temporal fit to the BOLD
response.
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squares fit. For this reason, they have chosen a strat-
egy of an unweighted fitting of the covariates. Recent
work has shown (Weisskoff et al., 1993; Bullmore et al.,
1996) that the actual noise in the fMRI data sets is
driven by both low frequency physiologic noise and
white noise from the scanner. The situation is further
complicated by the fact that the amount of noise color-
ing varies dramatically between cortical, subcortical,
and white matter regions (Purdon et al., 1998). The
results of the model comparison suggest that the spa-
tially varying AR(1) plus white noise model provides a
representation of the noise that is superior to that used
in the GLM. The GLM approach while suboptimal, is
nonetheless computationally straight forward. How-
ever, using the hemodynamic response as the smooth-
ing kernel assumes that the primary source of fluctu-
ations in fMRI data are real activations and can induce
fluctuations that appear like response activations. Use
of the actual shape of the fluctuations in the fMRI noise
leads to more reliable inferences by properly account-
ing for the true time correlation in the fMRI samples.
While noise models can be difficult to estimate given
the short time-series in fMRI studies, the use of spatial
regularization can improve estimates of the noise pa-
rameters.

FIG. 7. Time-series and model fits for LRST and GLM from
uperior sagittal sinus, gray matter, and white matter. None of these
reas should show activation with a visual stimulus, and both the
RST and GLM model fits reflect this.
By choosing a physiologically motivated impulse re-
sponse, we use four parameters (activation ( fa), droop
( fb, fc), poststimulus undershoot ( fc), and time delay
(D)) to model the activation and fit two AR parameters
(amplitude and correlation) to the noise. While this
model may not fully characterize the signal and noise,
we believe that it captures the most important factors
needed for inference and confidence interval genera-
tion, providing a reasonable and efficient starting
point. While the functional form of the LRST model is
similar to the Volterra expansion employed in Friston
et al. (1998), with the “interaction” term resembling the
second-order terms in the Volterra expansion of Fris-

FIG. 8. Pixel-wise NURE plots for LRST (A) and GLM (B) for an
oblique axial slice superior to the ACPC line. The NURE values
estimated for the LRST model are substantially lower than those for
the GLM method, suggesting that the LRST model provides a better
representation of the underlying process than does the GLM.
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ton et al. (1998), the LRST model was formulated from
physiologically inspired standpoint. The resulting

RST model is much simpler than the Volterra expan-
ion, requiring only three terms to achieve the BOLD
ignal fit in Fig. 5, compared to the 12 terms used in
he Volterra expansion to achieve a similar fit.

There have been other approaches for incorporating
ore realistic signal and noise models in the fMRI

nalysis that parallel the spirit of our work. Bullmore
t al. (1996) used a harmonic regression model for the
ignal and a first-order autoregressive (AR(1)) noise
odel for the noise. They used resampling methods to

erive standard errors and to make inferences. We use
similar, though more physiologically based signal
odel whose parameters are more readily interpret-

ble. Locascio et al. (1997) used a Box–Jenkins time
eries approach to model the noise assuming a boxcar
ype stimulus input, fitting an autoregressive moving
verage (ARMA) model in order to whiten the residuals
rom the fit. They have reported that the ARMA model
s in many cases superior to the AR(1) model. The
R(1) plus white noise model used in the present study

s equivalent to an ARMA(1,1) model. Burock and Dale
2000) applied a spatially varying AR(1) plus white
oise model in the context of event-related fMRI and
iscovered that it maximized statistical efficiency
hile maintaining accurate control of type I error, rel-
tive to a global noise model of the same form or a
hite noise model. Studies by Bullmore et al. (2001)
ave shown that an AR(3) model, when used in con-

unction with resampling methods, could provide for

FIG. 9. Autocovariance functions for whitened residuals under
LRST and GLM methods. The autocovariance function from the
LRST method shows little correlation at non-zero lags, suggesting
that the noise model provides an adequate representation of the
temporal correlations in the time series. The autocovariance function
from the GLM method shows correlation over several nonzero lags,
suggesting that the noise model implied by the smoothing kernel
improperly represents the temporal correlation structure.
ccurate inferences. Furthermore, they introduce a
avelet-based resampling method that may be useful

or cases of nonstationary noise. In a strictly periodic
aradigm, Marchini and Ripley (2000) used a pixel-
ise nonparametric spectral estimate in conjunction
ith nonlinear trend removal. This method produced
ery accurate inferences for periodic designs, but ex-
ensions to other types of designs have not yet been
tudied. Signal and noise modeling in fMRI will con-
inue to evolve as statistical methods, computational
ethods, and knowledge of BOLD physiology improve.
he model comparison method presented in this paper
rovides a framework for choosing between these var-
ous models for a given experiment.

Lange and Zeger (1997) dealt with the problem of
patial correlation in the frequency-domain. They used
fixed spatial smoothing to derive frequency-domain

oise estimates, and then used them in standard fre-
uency-domain tests of significance (Priestly, 1981).
his approach has the advantage that it can account
aturally for periodic fluctuations such as cardiac and
espiratory-linked noises (Guimaraes et al., 1995; Le et
l., 1996). Our proposed method differs in that: (a)
odel of the noises we propose; (b) the form of our

ignal model; and (c) way we accomplish the regular-
zation. Ruttiman et al. (1996, 1998) used wavelets to
est differences between ON-OFF responses in block
esign experiments. They do not estimate an impulse
esponse and the thresholding technique they use is
ensitive to colored noise (Silverman and Johnstone,
997; Solo, 1998b). Descombes et al. (1998) take a
arkov random field (MRF) approach. The same MRF

rior is applied in both space and time but this does not
eem wise since the spatial variation will be much
ore inhomogeneous than the temporal variation. Also

n impulse response is estimated only after an initial
RF fit. Thus bias is introduced by applying the stim-

lus response relation late in the model fitting.
3.4.2. Regularization. A fundamental difference

etween current approaches and ours is our use of
patial regularization in the estimation process. Regu-
arization, while familiar to applied mathematicians,
ngineers, and statistical modelers for solving ill-posed
nverse problems (e.g., Groetsch, 1993) is less well-
nown to the functional MRI community. In GLM, the
oise shape was assumed to be constant across the
hole brain, requiring only a local estimate of the noise
ariance. While fMRI data sets typically have enough
ndependent images to estimate this variance without
ooling pixels, estimating pixel-by-pixel the more
hysiologically-based noise parameters, critical for
roducing accurate standard errors and inference, is
ore challenging. Since the noise varies dramatically

ver the brain, pooling across the entire brain to esti-
ate the noise is not a physiologically sound approach.
mpirically, the noise variation appears smoother
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than the variation of local activation and thus its esti-
mation is reasonably approached by spatial regulariza-
tion. The regularization scheme does handle other sig-
nal parameters as well. It would be more usual to
achieve spatial regularization by penalizing the global
Gaussian log-likelihood ¥PLP(uP) with a Tikhonov pen-
alty (Natterer, 1986), but this leads to a prohibitively
large global optimization problem. Our procedure re-
quires only local computations and the actual optimi-
zation of our criterion function is carried out by cyclic
descent (Solo et al., 2001). Our methods are not in-
tended to be a rigid solution for all types of functional
experiments, though they naturally lead to generaliza-
tions for many fMRI-based explorations.

3.4.3. Model comparison. The common approach to
selecting and/or comparing statistical models is based
on hypothesis tests of model parameters. If there are a
few parameters or a few well-formulated hypotheses,
this works well, as for example in classical analysis of
variance. But in many problems, and the fMRI problem
in particular, the number of potential parameters is
large compared to the number of actual data values. In
such cases the hypothesis testing procedure is less
appropriate because the number of hypotheses to be
tested simultaneously can be intractably large. Prob-
lems like this have increasingly arisen as technological
advances in all branches of engineering and science
have produced challenging ill-conditioned inverse
problems. Statistical methodology has moved away
from hypothesis testing to comparison based on dis-
crepancy measures, also called risk or distance mea-
sures. The risk measures compare models and evaluate
model complexity by measuring for each model the
expected “distance” between the true underlying pro-
cess and the model. The theory behind this approach is
further detailed in Linhart and Zucchini (1986) and
Solo (1998a).

4. CONCLUSIONS

We have developed a locally regularized spatiotem-
oral (LRST) system identification approach to fMRI
ata analysis and a systematic method for model com-
arison. The signal model was motivated by fMRI
hysiology, while the noise model was based on empir-
cal studies. The model was constrained by specifying
wo time constants and a background noise variance.

e have developed a new fitting procedure employing
ocal spatial regularization that captures spatial con-
inuity at low computational cost in order to improve
stimates of noise parameters. We have also developed
model comparison procedure appropriate for fMRI

ata analysis based on Kullback–Leibler information
istance.
These methods can be extended, both to include the
uch richer stimuli available in single-trial designs
and multiple-tasks, and to include methods, such as
wavelets, that can better model spatial inhomogeneity.

APPENDIX

Gaussian Log-Likelihood

In this appendix we give expressions for the fre-
quency-domain log-likelihood used in Eq. (2.8). The
Fourier representation simplifies the log-likelihood
function because the covariance matrix of vt, p, the
AR(1) plus white noise process, is approximately diag-
onal in the frequency domain. This log-likelihood func-
tion at pixel q is given by

Lq~up! 5 2
1

2 O
k

ux̃k,q 2 m̃k, p~bp!u 2

N 2Fk~ap!
2

1

2 O
k

log Fk~ap!,

(A.1)

where x̃k,q is the discrete Fourier transform (DFT) of
the data xt,q, Fk(ap) is the noise spectrum, and m̃k, p(bp)
is the DFT of mt, p 5 mp 1 bpt 1 st, p. The parameter
vector up is indexed differently than the data x̃t,q to
allow for the spatially weighted regularization de-
scribed by (2.8), which essentially models the spatial
variation in the parameters as being locally constant.
If we set p 5 q, (A.1) gives the expression for the
log-likelihood at a single pixel.

Weighting Kernel

To keep the likelihood computations in (2.8) local, we
use a separable, finite impulse–response Epanechni-
kov weighting kernel of the following form:

K q
h 5 KS q1

M1h
DKS q2

M2h
D k

h 2M1M2

K~u! 5
3

4
~1 2 u 2! for uuu # 1

(A.2)
5 0 for uuu $ 1

k 5 S1 2
1

4M 1
2DS1 2

1

4M 2
2D ,

where M1 and M2 are the image dimensions, q1 and q2

are the pixel coordinates, h is the smoothness param-
eter controlling the width of the kernel, and k is a
correction factor for pixel discreteness.
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